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Topological Localized Molecular Orbitals
I. A Localization Method in the HMO Framework*
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Intrinsic and external sr-orbital localization procedures which rely only on
molecular topology are proposed and discussed. Localized molecular orbitals
obtained by application of these procedures are referred to as “‘topological
localized molecular orbitals”.
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1. Introduction

Localization of molecular orbitals (MO’s) in polycyclic conjugated hydrocarbons
offers special interest due to the peculiar features of the resulting orbitals,
particularly in connection with the concept of local aromaticity {1], and has
deserved considerable attention [2]. Ruedenberg and coworkers [2a, b] first
analyzed energy [3] localized MO’s (LMO’s) obtained from Hiickel-Wheland
canonical MO’s (CMO’s). The bielectronic integrals necessary for the localiz-
ation, which are not available from the Hiickel-Wheland calculation, were
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approximated following an earlier suggestion made by Mulliken [4] which implies
the evaluation of a Coulomb repulsion integral for every interatomic distance.
Lipscomb et al. [2¢] employed Boys [5] criterium to localize CMO’s calculated
in the partial retention of diatomic differential overlap approximation [6] for
some conjugated polycyclic systems. The localization was carried out both with
and without the constraint of o-# separation, obtaining #-LMO’s in good
agreement with the calculations of Ruedenberg, in the first case, and pairs of
banana type orbitals alternating with single bonds in the second. However,
structures of this type are not always obtained when all the occupied MO’s of
a conjugated molecule are localized simultaneously: structures with o-7 separ-
ation result for some monocyclic aromatic ring systems [7] and even mixed
structures have been found [2a]. On the other hand, the type of structure obtained
often depends on the localization criterium being used [8]. Notwithstanding, o-m
structures always correspond to stationary points of the localization sum hyper-
surface [8]. Moreover, the information of interest in aromaticity studies can be
drawn from 7-LMO’s, so that the utilization of simple #-type calculations for
comparative localizations in related conjugated molecules is justified. Since in
these systems topological methods for the calculation of 7-CMO’s have proved
so successful [9], it seems reasonable to expect that LMO’s can be obtained also
by exclusively topological criteria. This would avoid having to resort to additional
information concerning molecular geometry when topological CMQ’s are local-
ized [2b], and would constitute the most coherent way to localize MO’s obtained
from Hiickel calculations’.

In the present work we develop a localization method for #-MQO’s which relies
only on molecular topology, and we discuss several variants of it which can be
related to previously proposed criteria. The method has been applied to a wide
variety of conjugated compounds, giving results in good accordance with those
obtained by using more sophisticated methods [2a, b, c]. Some of these results
will be presented in the second publication of this series [11].

2. The Localization Sum in the Hiickel Approximation

Let {x,};=1...m be the set of 2p, atomic orbitals (AO’s) centered on the carbon
atoms of a conjugated hydrocarbon, and let ¢; be a MO built as a linear

! In reference 2d a modification of the Magnasco-Perico external localization method [10] is

proposed in order to localize 7-MO’s without the inclusion of any data other than those obtained
from a Hiickel calculation. However the method is incorrectly settled since it is stated that localization
is attained by minimization of the quantity

Z Z PmnHmn

i mn

(where index { refers to the prefixed bonds of the structure, and m, n run over the AQO’s contributing
to bond i) which is clearly invariant under unitary transformations of the MO’s. Nevertheless we
feel that what the authors probably did was to apply the Magnasco—Perico method substituting the
overlap matrix by the Hiickel matrix H in the definition of local orbital population (Eq. (8) of Ref.

[10].
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combination of these AO’s (LCAOQO):

¢ =% x.Cr =xC. (1)
Hartree-Fock equations for the n CMO'’s corresponding to a 2n-electron closed-
shell configuration reduce, in the Hiickel formalism, to

TC =C=e (2)
where

T is the topological matrix:
T.,=1 if atoms r and s are o-bonded
= () otherwise,
C is an m X n matrix whose columns are the C;’s, and
€ is a diagonal n X n matrix whose diagonal elements are the CMO’s energies
expressed in 8 units and taking o = 0 as the origin.

An orthogonal transformation” of the CMO’s leaves Eq. (2) invariant, i.e.
C'=Co,
0'0=00'=1
implies
TC'=C'¢’
with
€' =0%€0

where €' is, in general no longer diagonal, but still a symmetric matrix. This
flexibility allows to select a set of MO’s which exhibit a maximum degree of
localization according to any predetermined criterium.

Intrinsic localization criteria can be expressed in a general form as the maximiz-
ation of a localization sum

S= i [¢i¢i|¢i¢i] (3)

where

[d:b;lbrdbi]= J‘ @:(r)¢;(r)f(r2)du(F2)d1(r2) dry dr

f(ri2) being a different function of r;, for each criterium:
f(r12) =r1s for the Edmiston—-Ruedenberg criterium [3]
= —r1, for the Foster—Boys criterium [5]

= §(r12) for the von Niessen criterium [12].

2 We can always choose the coefficients C,; to be real.
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Introducing the LCAO expansion (1) in the localization sum (3) we obtain

S= Z Z Cricsi[XrXsl)(tXu]CtiCui

i rstu
and, making use of the zero differential overlap (ZDO) approximation
Xe(ro)xs(r1) dr1=8,0x7 (ry) dm1

we can write

S=YY CiL.Ci (4)

irt
where a matrix L has been introduced whose elements are defined as

LrtE[XrXrlxtXt] (5)

and which will be referred to as the “localization matrix”. Eq. (4) can be expressed
in a more compact way by introducing a new matrix @ with elements

Qri = (C,'C,t‘)" = C?l
giving
S=Tr(Q'LQ). (6)

The calculation of the elements of matrix L requires the knowledge of molecular
geometry in the case of Edmiston—-Ruedenberg and Foster-Boys criteria and,
in any case, the explicit functional form of the basis orbitals. Alternatively, those
elements could be parametrized. Nevertheless, neither these parameters nor
molecular geometry are defined within the HMO formalism; moreover, the
functional form of AQ’s is not necessary for carrying out an HMO calculation.
It is then clear that it would be desirable to dispose of topological expressions
for the localization matrix.

3. Topological Localization Matrices

In the case of Edmiston-Ruedenberg criterium, the matrix element L,, is the
Coulomb repulsion integral between 2p, AQ’s centered on atoms r and . The
behaviour of this integral as a function of the internuclear distance R,; has been
studied for different kinds of AQO’s, and several approximated analytical
expressions have been proposed for that function[13]. In every case the following
limiting behaviour is found:

lim L,x1/R,

R,;»>00
as could be expected from a simple qualitative reasoning. Among the various
kinds of topological matrices’ that have been introduced [14] the one most suited

* The term “topological’”’ refers here to any matrix used to describe molecular topology. We have

also used it for matrix T, defined in the previous section, which is the most widely used topological
matrix. Nevertheless its meaning will be clear from the context in every case.
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to mimic this behaviour is the distance matrix D [15], whose elements D,, are
equal to the minimum number of o-bonds connecting atoms r and ¢t. Expressed
in terms of this matrix the topological localization matrix (TLM) corresponding
to the Edmiston—Ruedenberg criterium could be:

L.=1 forr=t

(7)
=k/D, forr+#t

where a constant proportionality factor expressing the units of L is indifferent
for our purposes, and & is an adjustable parameter which will be discussed later
on.

Even though being purely topological®, definition (7) can be further simplified:
since HMO calculations show that neglecting the matrix elements of the effective
m-monoelectron hamiltonian between AQO’s on atoms not o-bonded gives unex-
pectedly good results, it seems reasonable to try doing a similar approximation
for the above localization matrix, i.e. to take

L,=8,+kT, (8)
where §,, is the Kronecker delta.

In the Foster-Boys criterium, integrals (5) with r #¢ are, barring their sign, a
measure of the distance between AO’s y, and y, (at least when atoms » and ¢
are far enough apart), and the following limiting behaviour can easily be verified
lim L,x—R?%
Ry —©

while diagonal elements are related to the degree of concentration of the
corresponding AO. Their topological version could then be

Lrt = _(art + kDEt)

where again parameter k& should be given an adequate value.

In this case it is not clear that a simpler expression can be given in terms of
matrix T. On the other hand, maximization of the localization sum as expressed
in Eq. (3) is not the most efficient way of effecting Boys localization [5c¢], so that
we will not further consider this TLM. Notwithstanding, we will show later on
that taking expression (8) for L amounts to making a simple topological transla-
tion of Boys criterium.

Von Niessen integrals (5) reduce in the ZDO approximation to’

L,= 6rtl:)(r)(rb(r/\/r]
and so, not even molecular topology is needed to get a simple parametrization
*  Actually, it can be shown [15] that matrix D is a simple function of matrix T.

For a recent localization method based on the application of the ZDO approximation to the von
Niessen criterium, see Ref. 16.
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for them:
L,=6,. 9)
This can be viewed as a particular case of definition (8) with k =0.

Let us analyze more deeply the TLM defined by Eq. (8), for which we will
reserve henceforth the initials TLM. In order to verify that its maximization
leads to LMO’s, we shall consider the contribution made by a single MO to the
localization sum, i.e.

Si = g Q.L.Q; (10)

for some special choices of coefficients {Q,;},-1,... satisfying the normalization
condition

YQ.:=1. (11)
Introducing Eq. (8), Eq. (10) becomes
=Y Q%+2k T Q.0 (12)

where “‘r—¢” means that the sum runs over every pair of o-bonded atoms r, .

Let us first consider the case k = 1. We define a p-centered MO as one having
p and only p nonvanishing coefficients. A monocentric nonbonding MO centered
on atom r would have Q,; =1 and Q,; =0 for s #r and its contribution to § will
thusbe S; = 1. A bicentricMO (Q,; #0, Q; # 0 and Q,; = Ofor ¢ # r and s) centered
on o-bonded atoms 7, s gives again a contribution of 1:
Si=Q%+Q%+20,Qy

= (Qn‘ + Osi)2 = 1,
where use of Eq. (11) has been made. However, if atoms r and s were not
o-bonded we would get

5 =Q%+Qi
= (Qri + Qsi)2 = 1,
where the equality only holds for Q,; =0 or Qg =0. For a tricentric MO (Q,;,
Qg and Q; #0, and Q,; =0 for u #r,s and ¢), atoms s and ¢ being o-bonded
tor,
Si=QL+Q%+Q5+20,Qy +2Q:Qy
=(Qi+Qu+Qu)*=1,
where the equality holds for Q,; =0 and/or Q,; = 0. Again the contribution would

be smaller if atoms s and/or ¢ were not o-bonded to r. In general, it is clear
that the contribution §; will be <1 for every p-centered MO with p >2, and that
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it will decrease as the MO spreads over the molecule, since the number of
positive terms in the square of Eq. (11) not present in Eq. (12) will be larger.
Hence, for £ =1 the localization procedure will tend to concentrate MO’s on
atoms o-bonded between themselves and preferably over one or two centres.

Giving parameter £ a value less than 1, similar results are obtained, but now a
greater weight is given to a monocentric MO than to a bicentric one: in the first
case the contribution takes the maximum value (S; =1) while in the second it
depends on the asymmetry of the orbital, varying monotonically between (1 +
k)/2 for a symmetric one and 1 for the monocentric limiting case. In the same
way, tricentric MO’s are given a comparatively minor weight, and the same
happens to more widely-spread orbitals.

Inversely, a value greater than 1 for £ would favour symmetric bicentric MO’s
as well as certain slightly peaked tricentric ones, as it can be seen in the limiting
case L =T the contribution of a bicentric MO goes from 1/2 in the symmetric
case to 0 in the most asymmetric one, that is, the monocentric MO; for tricentric
orbitals, the maximal contribution (S; = 1/2) corresponds to the case Q,; =1/2
and Qy; = Q; = 1/4, atom r being the central one.

Taking expression (9) for matrix L amounts to making k =0 in expression (8),
as we have already pointed, and therefore will tend to peak MO’s over one of
the contributing atoms. In this case it can be shown that a p-centered MO whose

coefficients are all equal would make a contribution of 1/p to the localization
6
sum’.

It is worth noting that, when we take for L the general expression (8), maximiz-
ation of the localization sum amounts to minimizing the expression

n—=S§ Ii [2 Y Q:Q:+2(1-k) Y, Qrioti]
i rAt r—t

where “‘r#t”’ means that the sum runs over every pair of not o-bonded atoms,
and use of Eq. (11) has been made. This can be viewed as a topological version
of Boys criterium, since it corresponds to taking for the integrals

[ Gttt dr

the following parametrization:
0 ifr=t¢,
1-k if r and ¢ are o-bonded, and

1 otherwise.

S The contribution of a MO of this kind to the localization sum is, in general,
p p
S, = 1/P{z Lig,t2 X Liaig}
a a>fB

where indices a and B run over AO’s upon which MO ¢; is centered.
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The former considerations suggest that an external localization criterium can be
introduced within the same formalism we are discussing. Let us build a localiz-
ation matrix associated to a valence bond (VB) structure of the molecule under
study in the following way:

L.=1 if atoms r and ¢ are joined by a 7r-bond in the VB structure,
=1/2 if r =t and corresponds to a 7-lone pair, and

=0 otherwise. (13)

With this choice for matrix L the localization sum (6) becomes
n 1 Lp. 2 ar-b.
s=3[3%0i+2 T Q.04
i r rt

(where the meaning of the labels of the summation signs is clear), so that its
maximization will tend to localize MO’s where the associated VB structure has
a q-bond or a m-lone pair. The reason for giving the value 1/2 to the non
vanishing diagonal elements of L is that both types of LMO’s are thus given the
same weight in the localization procedure.

To end this discussion we will consider a simple example that illustrates how
the choice of the localization matrix can condition the localization process. Let
us localize the two degenerate highest occupied MO’s (HOMO’s) of cyclo-
butadiene. These two orbitals do not constitute any physical closed-shell system;
however, they can be subjected to the mathematical process of localization, since
this is applicable to any set of orthonormal MQ’s. Taking for matrix L the
general expression (8) it is found that:

(i) For 0=k <1/2 localization leads to structure I (Fig. 1).

(if) For k >1/2 localization leads to structure II (Fig. 1).

(iii) For k =1/2 localization is indeterminate: the localization sum is invariant
under orthogonal transformations of the HOMO'’s.

8.71 0. 00 B.08 .71
I
0. 68 -0.71 -8.71 2. 00
8.5@ 8. 50 a.52 -8.5e
II
-@.508 -@.58 a.5e -a.58

() b)
Fig. 1
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111 Iv . ‘
Fig. 2

@.85 B.35 -8.15 @.35
v

B.35 -0.15 B.35 @.85

B8.71 2.71 8. 00 a. 82
VI

B. 82 0. 20 .71 2.71
Fig. 3

On the other hand, taking for matrix L the external form (13) corresponding to
the Kekulé structures III or IV (Fig. 2) we obtain the LMO’s II(a) and H(b)
respectively.

It is interesting to note that localizing one of the localized HOMO’s with the
remaining occupied CMO of cyclobutadiene, one obtains (see Fig. 3) a pair of
equivalent tricentric (V) or bicentric (VI) LMO’s, depending on whether & is
<1/2 or >1/2 (the negative coefficients that appear in the first case are needed
in order to keep LMO’s orthogonal). These structures could be considered as
the LMO’s of the closed-shell systems obtained when the HOMO’s degeneracy
is broken by a slight distortion of the Dy, cyclobutadiene geometry to either
rhomboidal (V) or rectangular (VI) D,,. For the external localization matrix,
Kekulé type LMO’s as those depicted in VI are obtained, as could be expected.

From this example one might conclude that the TLM’s we have proposed give
rather different results for a given problem. However cyclobutadiene is a most
peculiar case inasmuch as those differences appear abnormally exaggerated: in
fact, it will be seen in the following paper [11] that, in most cases, different
localization matrices lead to very similar LMO’s.

4. Conclusions

The intrinsic and external localization procedures proposed in this paper con-
stitute the topological version of well-established localization criteria, and can



274 I. C. Paniagua et al.

be expected to possess the same limitations—but also the same virtues—as do
Hiickel calculations of CMO’s.

As illustrated in the following paper [11], topological localization of 7-systems
is able to give results in good accordance with the ones obtained with previously-
used versions of localization criteria.

Topological localization not only could be comparable, but preferable to more
sophisticated procedures, when a refinement of the calculation beyond the
topological level is an unnecessary complication that obscures the interpretation
of the results (MoObius systems [17] and non pericyclic topologies [18]). Moreover,
topological localization would be of obligatory use for the acyclic reference
structures [19] used in the definition of topological resonance energy [20].

Topological localized molecular orbitals of these and related systems are currently
under investigation.
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